In this article we introduce an ordinary differential equation associated to the one parameter family of Calabi-Yau varieties which is mirror dual to the universal family of smooth quintic three folds. It is satisfied by seven functions written in the q-expansion form and the Yukawa coupling turns out to be rational in these functions. We prove that these functions are algebraically independent over the field of complex numbers, and hence, the algebra generated by such functions can be interpreted as the theory of quasi-modular forms attached to the one parameter family of Calabi-Yau varieties. Our result is a reformulation and realization of a problem of Griffiths around seventies on the existence of automorphic functions for the moduli of polarized Hodge structures. It is a generalization of the Ramanujan differential equation satisfied by three Eisenstein series.
Introduction
Modular and quasi modular forms as generating functions count very unexpected objects beyond the scope of analytic number theory. There are many examples for supporting this fact. The Shimura-Taniyama conjecture, now the modularity theorem, states that the generating function for counting F p -rational points of an elliptic curve over Z for different primes p, is essentially a modular form. Monstrous moonshine conjecture, now Borcherds theorem, relates the coefficients of the j-function with the representation dimensions of the monster group. Counting ramified coverings of an elliptic curve with a fixed ramification data leads us to quasi modular forms.
In the context of Algebraic Geometry, the theory of modular forms is attached to elliptic curves and in a similar way the theory of Siegel and Hilbert modular forms is attached to polarized abelian varieties. A naive mind may dream of other modular form theories attached to other varieties of a fixed topological type. An attempt to formulate such theories was first done around seventies by P. Griffiths in the framework of Hodge structures, see [6] . However, such a formulation leads us to the notion of automorphic cohomology which has lost the generating function role of modular forms. Extending the algebra of any type of modular forms into an algebra of quasi modular forms, which is closed under canonical derivations, seems to be indispensable for further generalizations.
In 1991 there appeared the article of Candelas, de la Ossa, Green and Parker, in which they calculated in the framework of mirror symmetry a generating function, called the Yukawa coupling, which predicts the number of rational curves of a fixed degree in a generic quintic three fold. From mathematical point of view, the finiteness is still a conjecture carrying the name of Clemens. Since then there was some effort to express the Yukawa coupling in terms of classical modular or quasi modular forms, however, there was no success. The Yukawa coupling is calculated from the periods of a one parameter family of Calabi-Yau varieties and this suggests that there must be a theory of quasi modular forms attached to this family. The main aim of the present text is to realize the construction of such a theory.
Consider the following ordinary differential equation in seven variables t 0 , t 1 , . . . , t 4 , t 5 , t 6 :
( , whereṫ = 5q ∂t ∂q .
We write each t i as a formal power series in q, t i = ∞ n=0 t i,n q n and substitute in the above differential equation and we see that it determines all the coefficients t i,n uniquely with the initial values: (2) t 0,0 = 1 5 , t 0,1 = 24, t 4,0 = 0 and assuming that t 5,0 = 0. After substitution we get the two possibilities 0, −1 3125 for t 5,0 , and t i,n , n ≥ 2 is given in terms of t j,m , j = 0, 1, . . . , 6, m < n. See §17 for the first eleven coeffiecients of t i 's. We calculate the expression Let W ψ be the variety obtained by the resolution of singularities of the following quotient:
where G is the group
acting in a canonical way. The family W ψ is Calabi-Yau and it is mirror dual to the universal family of quintic varieties in P 4 .
Theorem 1. The quantity
is the Yukawa coupling associated to the family of Calabi-Yau varieties W ψ .
The q-expansion of the Yukawa coupling is calculated by Candelas, de la Ossa, Green, Parkers in [3] , see also [10] . Using physical arguments they showed that n d must be the number of degree d rational curves inside a generic quintic three fold. However, from mathematical point of view we have the Clemens conjecture which claims that there are finite number of such curves for all d ∈ N. This conjecture is established for d ≤ 9 and remains open for d equal to 10 or bigger than it. The Gromov-Witten invariants N d can be calculated using the well-known formula N d = k|d n d/k k 3 . The numbers n d are called instanton numbers or BPS states degeneracies. The C-algebra generated by t i 's can be considered as the theory of quasi modular forms attached to the family W ψ . We prove:
Theorem 2. The functions t i , i = 0, 1, . . . , 6 are algebraically independent over C, this means that there is no polynomial P in seven variables and with coefficients in C such that P (t 0 , t 1 , · · · , t 6 ) = 0.
Calculation of instanton numbers by our differential equation (1) or by using periods, see [3, 10] , or by constructing moduli spaces of maps from curves to projective spaces, see [9] , leads to the fact that they are rational numbers. It is conjectured that all n d 's are integers (Gopakumar-Vafa conjecture). Some partial results regarding this conjecture is established recently by Kontsevich-Schwarz-Vologodsky and Krattenthaler-Rivoal.
All the quantities t i , i = 0, 1, . . . , 6 and q can be written in terms of the periods of the family W ψ . The differential form
where Q is the defining polynomial of W ψ , induces a holomorphic 3-form in W ψ which we denote it by the same letter Ω. Note that 5ψΩ is the standard choice of a holomorphic differential 3-form on W ψ (see [3] , p. 29). Let also δ 1 , δ 2 , δ 3 , δ 4 be a particular basis of H 3 (W ψ , Q) which will be explained in §11, and
Theorem 3. The q-expansion of t i 's are convergent and if we set q = e Once all the above quantities are given, using the Picard-Fuchs of x i1 's, see (11) , one can check easily that they satisfy the ordinary differential equation (1) . However, how we have calculated them, and in particular moduli interpretation of t i , i = 0, 1, . . . , 6, will be explained throughout the present text.
This work can be considered as a realization of a problem of Griffiths around 1970's on the automorphic form theory for the moduli of polarized Hodge structures, see [6] . In our case H 3 (W ψ , C) is of dimension 4 and it carries a Hodge decomposition with Hodge numbers h 30 = h 21 = h 12 = h 03 = 1. As far as I know, this is the first case of automorphic function theory for families of varieties for which the corresponding Griffiths period domain is not Hermitian symmetric. It would be of interest to see how the results of this paper fit into the automorphic cohomology theory of Griffiths or vice versa.
Here, I would like to say some words about the methods used in the present text and whether one can apply them to other families of varieties. We construct affine coordinates for the moduli of the variety W ψ enhanced with elements in its third de Rham cohomology, see §3, §6 and §18. Such a moduli turns out to be of dimension seven and such coordinates, say t i , i = 0, 1, . . . , 6, have certain automorphic properties with respect to the action of an algebraic group (the action of discrete groups in the classical theory of automorphic functions is replaced with the action of algebraic groups). We use the Picard-Fuchs equation of the periods of Ω and calculate the Gauss-Manin connection (see for instance [8] ) of the universal family of Calabi-Yau varieties over the mentioned moduli space. The ordinary differential equation (1), seen as a vector field on the moduli space, has some nice properties with respect to the Gauss-Manin connection which determines it uniquely. A differential equation of type (1) can be introduced for other type of varieties, see [13] , however, whether it has a particular solution with a reach enumerative geometry behind, depends strongly on some integral monodromy conditions, see §9, §8 and §11. For the moment I suspect that the methods introduced in this article can be generalized to arbitrary families of Calabi-Yau varieties and even to some other cases where the geometry is absent, see for instance the list of Calabi-Yau operators in [2, 17] and a table of mirror consistent monodromy representations in [4] . Since the theory of Siegel modular forms is well developed and in light of the recent work [1] , see also the references within there, the case of K3 surfaces is quit promising. In the final steps of the present article Charles Doran informed me of the results obtained by Yamaguchi and Yau in [18] . This and other connections with mathematical physics will be explored in forthcoming articles.
We have calculated the differential equation (1) and the first coefficients of t i by Singular, see [5] . The reader who does not want to calculate everything by his own effort can obtain the corresponding Singular code from my web page.
Quasi modular forms
The differential equation (1) is a generalization of the Ramanujan differential equation
which is satisfied by the Eisenstein series:
where
We have calculated (1) using the Gauss-Manin connection of the family W ψ which is essentially the Picard-Fuchs differential equation of the holomorphic differential form of the family W ψ . This is done in a similar way as we calculate (4) from the Gauss-Manin connection of a family of elliptic curves, see [11, 12] . The general theory of differential equations of type (1) and (4) is developed in [13] . Relations between the Gauss-Manin connection and Eisenstein series appear in the appendix of [7] . Let g 1 , g 2 , g 3 be the Eisenstein series (5). The C-algebra C[g 1 , g 2 , g 3 ] is freely generated by g 1 , g 2 , g 3 . With deg(g i ) = i, i = 1, 2, 3, its homogeneous pieces are quasi-modular forms over SL (2, Z) . It can be shown that any other quasi-modular form for subgroups of SL(2, Z) with finite index, is in the algebraic closure of C(g 1 , g 2 , g 3 ).
3 Moduli space, I
In the affine coordinates x 0 = 1, the variety W ψ is given by:
4 + 5x 1 x 2 x 3 x 4 and we have introduced a new parameter z := ψ −5 . We also use W 1,z to denote the variety W ψ . For z = 0, 1, ∞ the variety W 1,z is singular and for all others it is a smooth variety of complex dimension 3. From now on, by W 1,z we mean a smooth one. Up to constant there is a unique holomorphic three form on W 1,z which is given by
Note that the pair (W 1,z , 5η) is isomorphic to (W ψ , 5ψΩ), with Ω as in the Introduction. The later is used in [3] 
where Ω 1 (rep. Θ) is the sheaf of holomorphic differential 1-forms (resp. vector fields) on W 1,z . Since h 21 = dim C H 2 (W 1,z , Ω 1 ) = 1, the deformation space of W 1,z is one dimensional. This means that W 1,z can be deformed only through the parameter z. In fact z is the classifying function of such varieties. Note that the finite values of z does not cover the smooth variety W ψ , ψ = 0.
Let us take the polynomial ring C[t 0 , t 4 ] in two variables t 0 , t 4 (the variables t 1 , t 2 and t 3 will appear later). It can be seen easily that the moduli S of the pairs (W, ω), where W is as above and ω is a holomorphic differential form on W , is isomorphic to
where we send the pair (W 1,z , aη) to (t 0 , t 4 ) := (a −1 , za −5 ). The multiplicative group G m := C * acts on S by:
In coordinates (t 0 , t 4 ) this corresponds to
We denote by (W t 0 ,t 4 , ω 1 ) the pair (W 1,
The one parameter family W 1,z (resp. W ψ ) can be recovered by putting t 0 = 1 and t 4 = z (resp. t 0 = ψ and t 4 = 1). In fact, the pair (W t 0 ,t 4 , ω 1 ) in the affine chart x 0 = 1 is given by:
4 Gauss-Manin connection, I
We would like to calculate the Gauss-Manin connection
of the two parameter proper family of varieties
By abuse of notation we use
. We calculate ∇ with respect to the basis
of global sections of H 3 dR (W/S). For this purpose we return back to the one parameter case. We set t 0 = 1 and t 4 = z and calculate the Picard-Fuchs equation of η with respect to the parameter z:
This is in fact the linear differential equation
′′′ which is calculated in [3] , see also [13] for some algorithms which calculate such differential equations. It is satisfied by the periods I(z) = δz η, δ ∈ H 3 (W 1,z , Q) of the differential form η on the the family W 1,z . In the basis
the Gauss-Manin connection matrix has the form
Now, consider the identity map
which satisfies g * η = t 0 ω 1 . Under this map
From these two equalities we obtain a matrix S = S(t 0 , t 4 ) such that
where t denotes the transpose of matrices, and the Gauss-Manin connection in the basis ω i , i = 1, 2, 3, 4 is:
which is the following matrix after doing explicit calculations:
From the above matrix or directly from (8) one can check that the periods x i1 , i = 1, 2, 3, 4 in the Introduction satisfy the Picard-Fuch equation:
5 Intersection form and Hodge filtration
This is Poincaré dual to the intersection form in H 3 (W t 0 ,t 4 , Q). In H 3 dR (W t 0 ,t 4 ) we have the Hodge filtration
There is a relation between the Hodge filtration and the intersection form which is given by the following collection of equalities:
The Griffiths transversality is a property combining the Gauss-Manin connection and the Hodge filtration. It says that the Gauss-Manin connection sends F i to Ω 1 S ⊗ F i−1 for i = 1, 2, 3. Using this we conclude that:
Proposition 1. The intersection form in the basis ω i is:
Let Ω be the differential form ω 1 with restricted parameters t 0 = ψ and t 4 = 1.
We have 5ψΩ,
1−ψ 5 (see [3] , (4.6)). From this we get:
The corresponding calculations are as follows: In (t 0 , t 4 ) coordinates we have ψ = t 0 t 
From another side
. We make the derivation of the equalities ω 1 , ω 3 = 0 and (12) with respect to t 0 and use the Picard-Fuchs equation of ω 1 with respect to the parameter t 0 and with t 4 fixed:
Here, M ij is the (i, j)-entry of (10) after setting dt 4 = 0, dt 0 = 1. We get
Derivating further the second equality we get:
Moduli space, II
Let T be the moduli of pairs (W, ω), where W is a Calabi-Yau variety as before and ω ∈ H 3 dR (W )\F 1 and F 1 is the biggest non trivial piece of the Hodge filtration of H 3 dR (W ). In this section, we construct good affine coordinates for the moduli space T .
Let G m be the multiplicative group (C − {0}, ·) and let G a be the additive group (C, +). Both these algebraic groups act on the moduli spaces T :
where ω ′ is uniquely determined by ω ′ , ω = 1, ω ′ ∈ F 3 . We would like to have affine coordinates (t 0 , t 1 , t 2 , t 3 , t 4 ) for T such that;
1. We have a canonical map
where ω ′ is determined uniquely by ω ′ , ω = 1, ω ′ ∈ F 3 . In terms of the coordinates t i 's it is just the projection on t 0 , t 4 coordinates.
2. With respect to the action of G m , t i 's behave as bellow:
3. With respect to the action of G a , t i 's behave as bellow:
In order to construct t i 's we take the family W t 0 ,t 4 as before and three new variable t 1 , t 2 , t 3 . One can verify easily that
Gauss-Manin connection, II
For the five parameter family W t , t := (t 0 , t 1 , t 2 , t 3 , t 4 ) ∈ T , we calculate the differential forms α i , i = 1, 2, 3, 4 in T which are defined by the equality:
where ω is defined in (13), and we check that the Q(t) vector space spanned by α i is exactly of dimension 4 and so up to multiplication by a rational function in Q(t) there is a unique vector field Ra which satisfies This appears in the first five lines of the ordinary differential equation (1) . The other pieces of this differential equation has to do with the fact that the choice of Ra is not unique. Let
The vector field Ra turns to be unique after putting the condition
We have calculated Ra from (15) and (14) . The choice of α up to multiplication by a rational function is canonical (see bellow). However, choosing such a rational function does no seem to be canonical.
Proposition 2. There is a unique basisω i , i = 1, 2, 3, 4 of H 3 dR (W t ), t ∈ T such that 1. It is compatible with the Hodge filtration, i.e.ω i ∈ F 4−i \F 5−i .
2.ω 4 = ω and ω 1 ,ω 4 = 1. Proof. The equalities in the second item andω 1 ∈ F 3 determine bothω 1 = ω 1 ,ω 4 = ω uniquely. We first take the 3-formsω i = ω i , i = 2, 3 as in the previous section and write the Gauss-Manin connection of the five parameter family of Calabi-Yau varieties W t , t ∈ T in the basisω i , i = 1, 2, 3, 4:
We explain how to modifyω 2 andω 3 and get the basis in the announcement of the proposition. Let R be the Q(t) vector space generated by α 4,i , i = 1, 2, . . . , 4. It does not depend on the choice of the basisω i and we already mentioned that it is of dimension 4. If we replaceω 2 byω 2 + aω 1 then α 11 is replaced by α 11 − aα 12 . Modulo R the space of differential forms on T is one dimensional and since α 12 ∈ R, we choose a in such a way that α 11 − aα 12 ∈ R. We do this and so we can assume that α 11 ∈ R. The result of our calculations shows that α 12 is a multiple of t 0 dt 4 − 5t 4 dt 0 . We replace ω 2 by rω 2 with some r ∈ Q(t) and get the desired form for α 12 . We repeat the same procedure forω 3 . In this step we replaceω 3 by r 3ω3 + r 2ω2 + r 1ω1 with some r 1 , r 2 , r 3 ∈ Q(t).
Polynomial Relations between periods
We take a basis δ 1 , δ 2 , δ 3 , δ 4 ∈ H 3 (W t 0 ,t 4 , Q) such that the intersection form in this basis is given by: 
that is, the coefficients of the base change matrix are the periods of ω i 's over δ i 's and notδ i 's. The matrix [ δ i ω j ] is called the period matrix associated to the basis ω i of H 3 dR (W t 0 ,t 4 ) and the basis δ i of H 3 (W, Q). We have
Taking the determinant of this equality we can calculate det([ δ i ω j ]) up to sign:
There is another effective way to calculate this determinant without the sign ambiguity. For simplicity, we use the restricted parameters t 4 = 1 and t 0 = ψ and the notation x ij := δ i ω j as in the Introduction. Proposition 1 and the equality (17) These equalities correspond to the entries (1, 2), (1, 3), (1, 4), (2, 3), (2, 4) and (3, 4) of (17) . In the ideal of Q(ψ)[x ij , i, j = 1, 2, 3, 4] generated by the polynomials f 12 , f 13 , f 14 , f 23 , f 2,4 , f 34 in the right hand side of the above equalities the polynomial det([x ij ]) is reduced to the right hand side of (18) . For instance, Singular check this immediately (see [5] ). Let y ij be indeterminate variables, R = C(ψ)[y ij , i, j = 1, 2, 3, 4] and
Proposition 3. The ideal I is generated by f 12 , f 13 , f 14 , f 23 , f 2,4 , f 34 .
Proof. Let E be the differential field over F = C(ψ) generated by x ij 's. Note that the matrix [x ij ] is the fundamental system of the linear differential equation:
where B(ψ) is obtained from the matrix (10) by putting dt 0 = 1, dt 4 = 0, t 0 = ψ, t 4 = 1. The homology group H 3 (W ψ , Q) has a symplectic basis and hence the monodromy group of W ψ is a subgroup of Sp(4, Z). Consequently, the differential Galois group G(E/F ) is an algebraic subgroup of Sp(4, C) and it contains a maximal unipotent matrix which is the monodromy around z = 0. By a result of Saxl and Seitz, see [15] , we have G(E/F ) = Sp(4, C). Therefore, dim G(E/F ) = 10 which is the transcendental degree of the field E over F (see [16] ).
A leaf of Ra
The solutions of the the vector field Ra in the moduli space T are the locus of parameters such that all the periods of ω are constant. We want to choose a solution of Ra and write it in an explicit form. We proceed as follows: 
We will write each coordinate of s in terms of periods: first we note that, on this locus we have
By our choice ω 1 does not depend on t 1 , t 2 and t 3 . Therefore, the locus of parameters s in T such that δ 1 ω 1 = 1 is given by
with arbitrary s 1 , s 2 , s 3 . This is because for k = ( 
Note that in the above equality the cycle δ i lives in W ψx 11 ,x 5
11
. We restrict s i 's to t 0 = ψ, t 4 = 1, we use the equality (18) and we get:
Modulo the ideal I in §8 the expressions for s k 's can be reduced to to the shorter expressions in the right hand side of the equalities in Theorem 3. In the left hand side we have written t i instead of s i . We also get the relation
The function ψ → s(ψ) := (s 0 (ψ), s 1 (ψ), . . . , s 4 (ψ)) is tangent to the vector field Ra but it is not its solution. In order to get a solution, one has to make a change of variable in ψ.
The parametrization
Letω i , i = 1, 2, 3, 4 be the basis of the de Rham cohomology of W t , t ∈ T constructed in Proposition 2. We consider the period map:
where Mat (4) is the set of 4 × 4 matrices. By our construction ofω i , its image is of dimension 5 and so it is an embedding in some open neighborhood U of a point p ∈ L in T . We restrict its inverse s = (s 0 , s 1 , s 2 , s 3 , s 4 ) to pm(L), where L is defined in §9. Note that a point in pm(L) is of the form:
We consider s 0 , s 1 , s 2 , s 3 , s 4 and all the quantities p ij as functions of τ and setȧ = ∂a ∂τ . This is our derivation in (1) . Note that τ as a function in ψ is given by:
We haveṡ(τ ) = x(τ ) · Ra(s(τ )) for some holomorphic function x in U ∩ L, because Ra is tangent to the locus L and s is a local parametrization of L. Let A be the GaussManin connection matrix of the family W t , t ∈ T in the basisω i , i = 1, 2, 3, 4. We have d(pm) = pm · A t , from which it follows
Here we have used the particular form of A in Proposition 2. The equalities corresponding to the entries (1, i), i ≥ 2 together with the fact that x = 0, b 4 (s) = 0 imply that p 12 = p 13 = 0. The equality for the entry (2, 1) implies that x = 1 p 22
. Using these, we have
Periods
Four linearly independent solutions of (8) are given by ψ 0 , ψ 1 , ψ 2 , ψ 3 , where
see for instance [9] . In fact, there are four topological cycles δ 1 , δ 2 , δ 3 , δ 4 ∈ H 3 (W z , Q) such that
Performing the monodromy of (22) around z = 0, we get the same expression multiplied with e 2πiǫ . Therefore, the monodromyψ i of ψ i is given according to the equalities:
This implies that the topological monodromy, which acts on H 3 (W 1,z , Q), in the basis δ i , i = 1, 2, 3, 4 is given by
Further, the intersection form in this basis is Ψ in (16) 
Note that
and under the monodromy M , τ goes to τ + 1 and Z goes to M Z. Therefore Ra(s) and the next two lines correspond to the equalities of (2, 2) and (2, 3) entries of the above matrices. Note that in (1) we have used the notation t i instead of s i .
Calculating q-expansions
All the quantities s i are invariant under the monodromy M around z = 0. This implies that they are invariant under the transformation τ → τ + 1. Therefore, all s i 's can be written in terms of the new variable q = e 2πiτ . In order to calculate all these q-expansions, it is enough to restrict to the case t 0 = 1, t 1 = t 2 = t 3 = 0, t 4 = z. We want to write
in terms of q. Calculating ψ 0 and ψ 1 from the formula (22) we get:
. By comparing few coefficients ofz i and we get (24)
In the differential equation (1), we consider the weights (2) in the Introduction are taken from the equalities (24) and (25). In the literature, see for instance [9, 14] , we find also the equalities:
where n d are as explained in the Introduction.
Proof of Theorem 3
The proof of the equalities for t 0 , t 1 , t 3 , t 4 is done in §9. In §7 we have calculatedω 2 ,ω 3 in terms of ω 2 and ω 3 . In §10 and §11 we have defined
3 .
11 x ij we get the expressions for s 5 , s 6 in Theorem 3. Note that for simplicity in Theorem 3 we have again used the notation t i instead of s i a − deg(t i ) , where a = 
Proof of Theorem 1
The Yukawa coupling k τ τ τ is a quantity attached to the family of Calabi-Yau varieties W 1,z . It can be written in terms of periods:
where τ = 5 , see for instance [10] page 258. In [3] the authors have calculated the q-expansion of the Yukawa coupling and they have reached to spectacular predictions presented in Introduction. Let us calculate the Yukawa coupling in terms of our auxiliary quantities s i . We use the notation t i = s i a − deg(t i ) . 
Proof of Theorem 2
First, we note that if there is a polynomial relation with coefficients in C between t i , i = 0, 1, . . . , 6 (as power series in q = e 2πiτ and hence as functions in τ ) then the same is true if we change the variable τ by some function in another variable. In particular, we put τ =
and obtain t i 's in terms of periods. Now, it is enough to prove that the period expressions in Theorem 3 are algebraically independent over C. Using Proposition 3, it is enough to prove that the variety induced by the idealĨ = t i − k i , i = 0, 1, . . . , 6 + I ⊂ k[y ij , i, j = 1, 2, 3, 4] is of dimension 16 − 6 − 7 = 3. Here k i 's are arbitrary parameters, I is the ideal in §8, k = C(k i , i = 0, 1, . . . , 6) and in the expressions of t i we have written y ij instead of x ij . This can be done by any software in commutative algebra (see for instance [5] ).
Where is Calabi-Yau monster?
The parameter j = z −1 =
classifies the Calabi-Yau varieties of type (3) , that is, each such Calabi-Yau variety is represented exactly by one value of j and two such Calabi-Yau varieties are isomorphic if and only if the corresponding j values are equal. This is similar to the case of elliptic curves which are classified by the j-function (see §2). We have calculated also the q-expansions of j:
The coefficient 3125 is chosen in such a way that all the coefficients of q i , i ≤ 9 in 3125 · j are integer and all together are relatively prime. Note that the moduli parameter j in our case has two cusps ∞ and 1, that is, for these values of j we have singular fibers. Our q-expansion is written around the cusp ∞. All the beautiful history behind the interpretation of the coefficients of the j-function of elliptic curves, monster group, monstrous moonshine conjecture and Borcherds proof, may indicate us another fascinating mathematics behind the q-expansion of the j-function of the varieties (3).
We have calculated the first eleven coefficients of have positive integer coefficients.
We have verified the conjecture for the coefficients of q i , i ≤ 50 (see the author's web page). The rational numbers which appear in (27) are chosen in such a way that the coefficients t i,n , n = 1, 2, . . . , 10 become positive integers and for each fixed i they are relatively prime. Writing the series t i as Lambert series a 0 + ∞ d=1 a d q d 1−q d does not help for understanding the structure of t i,n . It is not possible to factor out some potential of d from a d 's for each t i . One should probably take out a polynomial in q from t i and then try to understand the nature of the sequences.
I gave the conjecture (1) in the case of Ramanujan differential equation (4) to my students in a number theory course (the first initial values t 1,0 = 1, t 1,1 = −24 are enough to determine all coefficients uniquely). They were not aware about Eisenstein series. They calculated some first coefficients and then using the on-line encyclopedia of integer sequences they guessed the general formula (5). The mentioned encyclopedia does not recognize the integer sequences of t 0 , t 1 , . . . , t 6 . This support the fact that the general formula for t i 's or any interpretation of them is not yet known.
Moduli space, III
In this section we introduce moduli interpretation for t 5 and t 6 . LetRa be the vector field in C 7 corresponding to (1) and letω i , i = 1, 2, 3, 4 be the differential forms calculated in Proposition 2. Consider t i , i = 0, 1, 2, . . . , 6 as unknown parameters. We define a new basisω i , i = 1, 2, 3, 4 of H 3 dR (W t 0 ,t 4 ): It is interesting that the Yukawa coupling appears as the only non constant term in the above matrix. Let X be the moduli of pairs (W, {α 1 , α 2 , α 3 , α 4 }), where W is a Calabi-Yau variety as before, α i ∈ F 4−i \F 5−i , F i ⊂ H 3 dR (W ) is the i-th piece of the Hodge filtration, α i 's form a basis of H 3 dR (W ) and the intersection form in α i 's is given by the matrix (28). We have the isomorphism {t ∈ C 7 | t 5 t 4 (t 4 − t 5 0 ) = 0} ∼ = X t → (W t 0 ,t 4 , {ω 1 ,ω 2 ,ω 3 ,ω 3 }) which gives the full moduli interpretation of all t i 's.
